..41].“]' I IV Volume 2, Issue 2 ISSN: 2320-0294

A GENERALIZATION OF FUZZY PRE-BOUNDARY

G.Sutha®
K.Bageerathi

P.Thangavelu®™

Abstract
The second and third authors have recently introduced the concepts of fuzzy C-
boundary [3] and fuzzy C —semi boundary [6] where C :[0, 1]— [0, 1] is a function. The purpose
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a fuzzy topological space.
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1. Introduction.

The standard complement function is used to define a fuzzy closed subset of a fuzzy
topological space. A fuzzy subset A of a fuzzy topological space in the sense of Chang, is fuzzy
closed if the standard complement 1-A = A’ is fuzzy open. Here the standard complement is
obtained by using the function C : [0, 1]— [0, 1] defined by C (x) = 1-x, for all xe[0, 1].
Several fuzzy topologists used this type of complement while extending the concepts in general
topological spaces to fuzzy topological spaces. But there are other complements in the fuzzy
literature. This motivated the second and third authors to introduce the concepts of fuzzy C -
closed sets [2] and fuzzy C - pre closed sets [5] in fuzzy topological spaces. In
this paper, we introduce the concept of fuzzy C -pre boundary by using the arbitrary complement
function C and fuzzy C -pre closure operator.

For the basic concepts and notations, one can refer Chang[7]. The concepts that are
needed in this paper are discussed in the second section. The concepts of fuzzy C -pre
interior and fuzzy C -pre closure are introduced in the third section. The section four is dealt with
the concept of fuzzy C -pre boundary.

2. Preliminaries

Throughout this paper (X,t) denotes a fuzzy topological space in the sense of Chang. Let
C : [0, 1]—[0, 1] be a complement function. If A is a fuzzy subset of (X,t) then the complement
C X of a fuzzy subset A is defined by C A(x) = C (A(x)) for all xeX. A complement function C is
said to satisfy
Q) the boundary condition if C (0) =1 and C (1) =0,

(i) monotonic condition if x <y = C (x) > C (y), forall x, y € [0, 1],
(iii)  involutive condition if C (C (x)) = x, for all x [0, 1].
The properties of fuzzy complement function C and C A are given in George Klir[8] and
Bageerathi et al[2]. The following lemma will be useful in sequel.
Lemma 2.1 [2]
Let C: [0, 1] — [0, 1] be a complement function that satisfies the monotonic and involutive
conditions. Then for any family {A,: aeA } of fuzzy subsets of X, we have

()C (sup{ry(x): aeA}) = iInf{C (s (x)): aeA}=Inf{(C 1, (X)): a€A} and

(I)C (inf{Aq (x): aeA}) = sup{C (A, (x)): acA}=sup{(C Ay (x)): acA} for xeX.
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Definition 2.2 [2]
A fuzzy subset A of X is fuzzy C -closed in (X,t) if C A is fuzzy open in (X,t). The fuzzy C -

closure of A is defined as the intersection of all fuzzy C -closed sets L containing
A. The fuzzy C -closure of A is denoted by Clc A that is equal to AMpu=>, C
pet}.

Lemma 2.3 [2]
If the complement function C satisfies the monotonic and involutive conditions, then for any
fuzzy subset A of X,
(i) C (IntA) =Clc(CA)and C (ClcA) =Int (CA).
(i)  A<Clch,
(iii) A is fuzzy C -closed < Clc A=A,
(iv)  Clc (ClcA) =Clc A,
(v) IfA< pthenClc A <Clc g,
(vi)  Clc (A p)=ClcrvClcpy,
(vii) Clc (A p) <Clc A A Clc p.
(viii) For any family {A,} of fuzzy sub sets of a fuzzy topological space we have
v Clc Ay < Cle (VAy)and Clc (A Xy) < AClc Ay

Lemma 2.4 [2]
Let (X,t) be a fuzzy topological space. Let C be a complement function that satisfies the
boundary, monotonic and involutive conditions. Then the following conditions hold.
Q) 0 and 1 are fuzzy C -closed sets,
(i) arbitrary intersection of fuzzy C -closed sets is fuzzy C -closed and
(iii)  finite union of fuzzy C -closed sets is fuzzy C -closed.
(iv)  forany family {i, : ae A } of fuzzy subsets of X. we have

C (v{ro: aeA}) = A{ C Ay aeA}and C (A{hq: aeA}) = v{C Ay acA}
Definition 2.5 [Definition 2.15, [3]]
A fuzzy topological space (X 1) is C -product related to another fuzzy topological space (Y o) if
for any fuzzy subset v of X and £ of Y, whenever CA 2 vandCpu 2 Cimply CAx1v1xC
u>vx (g, where L € tand u o, there exist A; etand p;eo such that Ch>vorCuy>C
andCAx1lvixCuy=CAix1lv1lxCpu
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Lemma 2.6 [Theorem 2.19, [3]]

Let (X t) and (Y, o) be C -product related fuzzy topological spaces. Then for a fuzzy subset A of
X and a fuzzy subset p of Y, Clc (A x ) = Clc A x Clc p.

Definition 2.7 [Definition 3.1, [4]]

Let (X,t) be a fuzzy topological space and C be a complement function. Then A is called fuzzy C

-pre open if there exists a pe t such that u < A < Clc p.

Lemma 2.8 [4, 5]

Let (X, 1) be a fuzzy topological space and let C be a complement function that satisfies
the monotonic and involutive properties. Then a fuzzy set A of a fuzzy topological space (X,z) is
(i) fuzzy C - pre open if and only if A < Int (Clc 1).

(i1) fuzzy C -pre closed in X if Clc (Int (L)) < A.
(iii) fuzzy C -pre closed if and only if C A is fuzzy C -pre open.
(iv) the arbitrary union of fuzzy C -pre open sets is fuzzy C -pre open.
Lemma 2.9 [1]
If L1, A2, A3, A4 are the fuzzy subsets of X then
(A1 A A2) x (A3 A Ag) = (A1 X Aa) A (A2 X A3).
Lemma 2.10 [Lemma 5.1, [2]]
Suppose f is a function from X to Y. Then f (C p) = C (f *(p)) for any fuzzy subset p of
Y.
Definition 2.11 [7]
If A is a fuzzy subset of X and p is a fuzzy subset of Y, then A x u is a fuzzy subset of X x
Y, defined by (A x w) (X, y) = min {A(X), n (y)} for each (x, y)e X x Y,
Lemma 2.12 [Lemma 2.1, [1]]
Let f: X — Y be a function. If {4,} afamily of fuzzy subsets of Y, then

(i) fiva,)=vEt(a,)and
(i) fHAL)=AF1(A4,).

Lemma 2.13 [Lemma 2.2, [1]]
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If A is a fuzzy subset of X and p is a fuzzy subset of Y, then C
(Axp)=CAxlv1ixCp.
3. Fuzzy C -pre interior and fuzzy C -pre closure
In this section, we define the concepts of fuzzy C -pre interior and fuzzy C -pre closure

operators and investigate some of their basic properties.

Definition 3.1

Let (X,t) be a fuzzy topological space and C be a complement function. Then for a
fuzzy subset A of X, the fuzzy C - pre interior of A (briefly pintc 1), is the union of all fuzzy C -
pre open sets of X contained in A. That is,
pintc (A) = v {u: p <A, pis fuzzy C - pre open}.

Proposition 3.2

Let (X, 1) be a fuzzy topological space and let C be a complement function that satisfies
the monotonic and involvtive conditions. Then for any fuzzy subsets A and p of a fuzzy
topological space X, we have

(i) pIntch <A,

A is fuzzy C - pre open < plintc A = A,

pintc (pIntc 1) = pintc A,

If X < pthen pintc A < plintc .

Proof.

The proof for (i) follows from Definition 3.1. Let A be fuzzy C - pre open. Since A < A,
by using Definition 3.1, A < plntc A. By using (i), we get pIntc A = A. Conversely we assume that
pintc A = A. By using Definition 3.1, A is fuzzy C - pre open. Thus (ii) is proved. By using (ii),
we get pintc (pIntc A) = pIntc A. This proves (iii).  Since A < u, by using (i), pIntc A <A < .
This implies that pintc (pintc L)< pintc p. By using (iii), we get pintc A < plntc p. This proves
(iv).

Proposition 3.3
Let (X, t) be a fuzzy topological space and let C be a complement function that satisfies

the monotonic and involutive conditions. Then for any two fuzzy subsets A and p of a fuzzy
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topological space, we have (i) pIntc (Avp) > plntc Avplntc p and (i) pintc (AAp) <
pintc AAplntc p.

Proof.

Since A <A v pand p < Avy, by using Proposition 3.2(iv), we get pintc A <
pintc (Avp) and pintc n < pintc (Avp). This implies that pintc Av plntc
u < pinte (Avp).

Since A Apu<Aand A A pu <y, by using Proposition 3.2(iv), we get pintc
(Aap) < pintc A and pintc (AAp) < plntc p. This implies that pintc (Aap) <

pintc A A pintc .
Definition 3.4

Let (X,t) be a fuzzy topological space. Then for a fuzzy subset A of X, the fuzzy C - pre
closure of A (briefly pClc 1), is the intersection of all fuzzy C - pre closed sets containing A. That
is pClc A = A{u: u = A, pnis fuzzy C - pre closed}.

The concepts of “fuzzy C - pre closure” and “fuzzy pre closure” are identical if C is the
standard complement function.

Proposition 3.5

If the complement functions C satisfies the monotonic and involutive conditions. Then
for any fuzzy subset A of X, (i)C (pIntc 1) =pClc (C A) and
(i)C (pClc L) = pIntc (C L), where plintc A is the union of all fuzzy C - pre open sets contained
inA.

Proof.

By using Definition 3.1, pintc A = v{u: p < A, p is fuzzy C - pre open}. Taking
complement on both sides, we get C (pIntc (A)(X)) = C (sup{u(x): u(x) < A(x), wis fuzzy C -
pre open}). Since C satisfies the monotonic and involutive conditions, by using Lemma 2.1, C
(pIntc (A)(X)) = inf { C (u(X)): w(x) < A(X), u is fuzzy C - pre open}. This implies that C (plIntc
A)(X)) = iInf { C u(x)): C u(x) = C A(x), w is fuzzy C - pre open}. By using Lemma 2.8, C n is
fuzzy C - pre closed, by replacing C p by n, we see that C (pIntc (1)(x)) =inf{n(x): n(x)>
C M(x), C n is fuzzy C - pre open}. By Definition 3.4, C (piIntc (A)(x)) = pClc (C A) (x). This
proves that C (pIntc A) = pClc (C 1).
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By using Definition 3.4, pClc A = A{u: A<y, p is fuzzy C - pre closed}. Taking complement
on both sides, we get C (pClc A (X)) = C (inf{u(x): w(x) > A(x), u is fuzzy C - pre
closed}). Since C satisfies the monotonic and involutive conditions, by using Lemma 2.1, C
(pClc A(x)) = sup {C (u(x)): u(x) > A (x), wis fuzzy C - pre closed}. That implies C (pClc A (X))
=sup {C u(x): C wx)) < C A(x), uis fuzzy C - pre closed}. By using Lemma 2.8, C p is fuzzy
C - pre open, by replacing C p by n, we see that C (pClc (X)) = sup{n(x): n(x)<C
A(X), n is fuzzy C - pre open}. By using Definition 3.1, C (pClc A(X)) = pIntc (C A)(X). This
proves C (pClc (1)) = pIntc (C A).

Proposition 3.6

Let (X, 1) be a fuzzy topological space and let C be a complement function that satisfies
the monotonic and involutive conditions. Then for the fuzzy subsets A and p  of a fuzzy
topological space X, we have

A < pClc A,

A is fuzzy C - pre closed < pClc A = A,

pClc (pClc A) = pClc 4,

If X < pthen pClc A < pClc p.
Proof.

The proof for (i) follows from pClc A= inf{w: u> A, p is fuzzy C - pre closed}.
Let A be fuzzy C - pre closed. Since C satisfies the monotonic and involvtive conditions. Then
by using Lemma 2.8, C A is fuzzy C - pre open. By using Proposition 3.2(ii), pintc (C
L) = C A. By using Proposition 3.5, C (pClc 1) = C A. Taking complement on both sides, we get
C (C (pClc 1)) = C (C A). Since the complement function C satisfies the involutive condition,
pClc A = A.

Conversely, we assume that pClc A=A. Taking complement on both sides, we get C

(pClc A) =C A. By using Proposition 3.5, pIntcC A =C A. By using Proposition
3.2(ii), C A is fuzzy C - pre open. Again by using Lemma 2.8, A is fuzzy C - pre closed.
Thus (ii) proved.
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By using Proposition 3.5, C (pClc 1) = plntc (C ). This implies that C (pClc A) is fuzzy
C - pre open. By using Lemma 2.8, pClc A is fuzzy C - pre closed. By applying (ii), we have
pClc (pClc &) = pClc A. This proves (iii).

Suppose A < u. Since C satisfies the monotonic condition, C A > C y, that implies plntc
C X > pIntc Cu.Taking complement on both sides, C (pIntc C L)<C (pIntc C p). Then by using
Proposition 3.5, pClc A < pClc p. This proves (iv).
Proposition 3.7

Let (X, 1) be a fuzzy topological space and let C be a complement function that satisfies
the monotonic and involutive conditions. Then for any two fuzzy subsets A and p of a fuzzy
topological space, we have (i) pClc (Avp) = pClc A v pClc pand
(i) pClc (Aap) £ pClc A A pClc .

Proof.

Since C satisfies the involutive condition, pClc (Avp) = pClc (C (C (Avp))). Since C
satisfies the monotonic and involutive conditions, by using Proposition 3.5, pClc (Avp)
=C (pIntc (C (Avp))). Using Lemma 2.10, pClc (Avu) =C (plIntc (C AACL)).

Again by Lemma 2.4, pClc (Avp)<C (( pIntc C A)A(pintc C p)) =C (pintc C AM)vC
(pIntcCu). By using Proposition 3.5, pClc (Avu) < sClc AvpClc p. Also pClc (1) <
pClc (Avp) and pClc (1) < pClc (Avp) that implies pClc (A)vpClc (1) < pClc (Avp). It follows
that pClc (Avp) = pClc AvpClc p.

Since pClc (Aap) < pClc A and pClc (Aap) < pCle , it follows that pClc (AA
w) < pClc A A pClc p.
Proposition 3.8

Let C be a complement function that satisfies the monotonic and involutive conditions.
Then for any family {)\.} of fuzzy subsets of a fuzzy topological space, we have (i) v(pClc Ay ) <
pClc (vAq) and (ii) pClc (Aky) < A(PClc Ay )
Proof.

For every B, Ag < VAq < PpClc (VA,). By using Proposition 3.6(iv),
pClc Ap < pClc (VA,) for every B. This implies that vpClc Ag < pClc (VA). This proves (i). Now
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~ha < Ag for every B. Again using Proposition 3.6(iv), we get pClc (ALy) £
pClc Ag. This implies that pClc (ALq) < APClc Aq. This proves (ii).
4. Fuzzy C -pre boundary

In this section, the concept of fuzzy C -pre boundary is introduced and its properties are
discussed.
Definition 4.1

Let A be a fuzzy subset of a fuzzy topological space X and let C be a complement
function. Then the fuzzy C - pre boundary of A is defined as
pBdc A = pClc AApClc (C A).

Since the arbitrary intersection of fuzzy C -pre closed sets is fuzzy C -pre closed, pBdc A is

fuzzy C - pre closed.

We identify pBdc A with pBd(L) when C (x) = 1-x, the usual complement function.
Proposition 4.2

Let (X,t) be a fuzzy topological space and C be a complement function that satisfies the
involutive condition. Then for any fuzzy subset A of X, pBdc A = pBdc (C 1).

Proof.
By using Definition 4.1, pBdc A = pClc AApClc (C A). Since C satisfies the

involutive condition C (C L) = A, that implies pBdc A = pClc (C A)ApClc C (C A). Again by
using Definition 4.1, pBdc A = pBdc (C 1).

The following example shows that, the word “involutive” can not be dropped from the

hypothesis of Proposition 4.2.

Example 4.3
Let X ={a, b, c} and t ={0, {a.3, b.7}, {as, b.2, C.6}, {a5, b.7, .6}, {a.3, b.o}, 1}
Let C (x) = 11_—)(2 0 < x <1, be the complement function. We note that the complement
+ X

function C does not satisfy the involutive condition. The family of all fuzzy C -closed sets is
C(t)={0,{a.642, b.201, C1},{a.4,0.769, C.204},{8.4, D.201, C.204},{a.642, D.769,C1}, 1}.

Let A = {a.s, b.g, C.4}. Then it can be calculated that pClc A = {a.5, b.g, C.4}.

Now C A = {as b., Cs7} and the value of pClc C A = {a.4, b.2», Cs17}. Hence
pBdc A = pClcAApCle (C A) = {a.4, b.2, Csi7}. Also C (C L) = {a.s17, b.gss, C.381},
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pClcC (C 1) =1. pBdc C A =pClc CA A pClc C (C L) = {a. 4, b.122, C.381}. This implies that
pBdc A = pBdc C A.
Proposition 4.4

Let (X,t) be a fuzzy topological space and C be a complement function that satisfies the
monotonic and involutive conditions. If A is fuzzy C - pre closed, then pBdc A < A.
Proof.
Let A be fuzzy C - pre closed. By using Definition 4.1, pBdc A = pClc AApClc (C A). Since C
satisfies the monotonic and involutive conditions, by using Proposition 3.6(ii), we have pClc A =
L. Hence pBdc A <pClch =A.

The following example shows that if the complement function C does not satisfy the
monotonic and involutive conditions, then the conclusion of Proposition 4.4 is false.
Example 4.5

Let X ={a, b, c} and t = {0, {a.6, b.o}, {a.7, b.3}, {a.s, b.3}, {a.7, b.o}, 1}.

Let C (x) :12—X, 0 < x <1, be a complement function. From this, we see that the complement
+ X

function C does not satisfy the monotonic and involutive conditions. The family of all fuzzy C -
closed sets is given by C () = {0, {a.7s, b.047}, {a.524, b.462}, {8.75,0.462}, {@.824,0.047}, 1}. Let & =
{a.s, b.3}, it can be found that Clc A = {a.s24, b.4s2} and Int Clc A = {a.7, b.3}. That implies Int Clc
A < A. This shows that A is fuzzy C - pre closed. Further it can be calculated that pClc A = {a.gs,
b.s32}. Now C A = {a.gg9, b.67} and pClc C A = {a.gs9, b.67}. Hence pBdc A = pClc A A pClc (C
L) = {a.g5, b.g32}. This implies that pBdc A £ A. This shows that the conclusion of Proposition
4.4 is false.
Proposition 4.6

Let (X,t) be a fuzzy topological space and C be a complement function that satisfies the

monotonic and involutive conditions. If A is fuzzy C -pre open then pBdc A < C A.

Proof.
Let A be fuzzy C -pre open. Since C satisfies the involutive condition, this implies that C

(C 1) is fuzzy C -pre open. By using Lemma 2.8, C A is fuzzy C - pre closed.
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Since C satisfies the monotonic and the involutive conditions, by using Proposition 4.4, pBdc (C

A) < C A. Also by using Proposition 4.2, we get pBdc (A)<C A. This completes the proof.

Example 4.7
Let X ={a, b, c} and t = {0, {a.3, b.7}, {a.s, b.o, .6}, {as, b.7, C.6}, {a3, b.o}, 1}
Let C (x) = 11_X2 , 0 < x <1, be the complement function. We note that the complement
+ X

function C does not satisfy the involutive condition. The family of all fuzzy C -closed sets is
C(1)={0,{a.642, b.201, C1},{a.4,0.769, C.204},{@.4, D.201, C.204},{0.642, D.769,C1}, 1}.
Let A = {a.4, b.122, C.57}, the value of pClc A = {a.4, b.122, C.517} and C A = {a.517, b.ge5, C.381}, it
follows that pBdc A = pClcAApClc (C L) = {a.4, b.122, C.381}. This shows that pBdc A £ C A.
Therefore the conclusion of Proposition 4.6 is false.
Proposition 4.8

Let (X, 1) be a fuzzy topological space and C be a complement function that satisfies the

monotonic and involutive conditions. If A < pand p is fuzzy C -pre closed then pBdc A < p.

Proof.

Let A < pand p be fuzzy C - pre closed. Since C satisfies the monotonic and involutive
conditions, by using Proposition 3.6(iv), we have A < p implies pClc A < pClc .
By using Definition 4.1, pBdc A = pClc A A pClc (CA). Since pClc A < pClc p, we have

pBdc A < pClc uapCle (C A) < pCle p. Again by using Proposition 3.6 (ii), we have pClc p = p.
This implies that pBdc A < p.
The following example shows that if the complement function C does not satisfy the

monotonic and involutive conditions, then the conclusion of Proposition 4.8 is false.

Example 4.9

From Example 4.5, let X = {a, b} and t = {0, {a.s, b.o}, {a.7, b.3}, {a., b.3}, {a.7,
b.o}, 1}. Let A = {a.7, b.ys} and p = {a.76, b.s}. Then it can be found that Intu=
{a.7, b.3} and Cl¢ Int u = {a.75, b.462}. That implies Clc Int pu < p. This show that p is fuzzy C -
pre closed. It can be computed that pClc A = {a.s, b.47}. Now C\ = {a.gp4, b.s2} and
pClc C & = {a.g24, b.a7}. pBdc A = pClc A A pClc (C A) = { a.g, b.47}. This shows that

pBdc A £ p. Therefore the conclusion of Proposition 4.8 is false.

Proposition 4.10
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Let (X,t) be a fuzzy topological space and C be a complement function that satisfies the
monotonic and involutive conditions. If A < pand p is fuzzy C - pre open then pBdc A < C p.
Proof.

Let A <p and p is fuzzy C - pre open. Since C satisfies the monotonic condition, by
using Proposition 3.6(iv), we have C p < C A that implies pClcC p < pClec C A. By using
Definition 4.1, pBdc A = pClc A A pClc C A. Taking complement on both sides, we get C (pBdc
A)= C (pClc AApClc (C 1)). Since C satisfies the monotonic and involutive conditions, by using
Lemma 2.1, we have C (pBdc 1) = C (pClc A)vC (pClc (C A)). Since pClc C u < pClc C A, C
(pBdc ) > C (pClc C w)vC (pClc 1), by Proposition 3.5(ii), C (pBdc A) > plntc
uvpintc C A > plntc p. Since u is fuzzy C - pre open, C (pBdc 1) > p. Since C
satisfies the monotonic conditions, pBdc A <C .

The following example shows that if the complement function C does not satisfy the

monotonic and involutive conditions, then the conclusion of Proposition 4.10 is false.

Example 4.11
From Example 4.5, let X = {a, b} and t = {0, {as, b.o}, {a.7, b3}, {as b3},
{a.7, b.o}, 1}. Let X = {a.6, b.3} and u = {a.e5, b.4}. Then it can be evaluated that Int

A ={a.s, b.3} and Clc Int A = {a.75, b.462}. Thus we see that A < Clc (Intd).

By using Lemma 2.8, A is fuzzy C - pre open. It can be computed that pClc A =
{a.g5, b.632}. Now C A = {a.7s, b.ss} and pClc C & = {a.gs, b.g32}. pBdc A =
pClc A A pClc (C A) = {a.gs, b.e32}. This shows that pBdc L £ C p.

Proposition 4.12

Let (X,t) be a fuzzy topological space. Let C be a complement function that satisfies the
monotonic and involutive conditions. Then for any fuzzy subset A of X, we have C (pBdc 1) =
pintcAvplntc (C A).
Proof.

By using Definition 4.1, pBdc A = pClc A A pClc (C A). Taking complement on both sdes,
we get C (pBdc A) = C (pClc & A pClc (C A)). Since C satisfies the monotonic and involutive

conditions, by using Lemma 2.4(ii), C (pBdc ) =C (pClcA)v C
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(pClc (C 1)). Also by using Proposition 3.6(ii), that implies C (pBdc 1) = pIntc (C A)vplIntc (C (C
A)). Since C satisfies the involutive condition, C (pBdc) = pintc Avplntc (C A).

The following example shows that if the monotonic and involutive conditions of the
complement function C are dropped , then the conclusion of Proposition 4.12 is false.
Example 4.13

Let X ={a, b} and t ={0, {as, b.s}, {a.2, b5}, {a.7, b1}, {as, b.s}, {as b1}, {a2 ba},
{a.7, b.g}, {a7, b}, 1}. Let C (x) =+/x, 0 < x < 1 be the complement function. From this
example, we see that C does not satisfy the monotonic and involutive conditions. The family of
all fuzzy C -closed sets is C (t) = {0, {a.s4s, b.gos}, {@.447, b.707},{a.837, b.316}, {.548, D.707}.{.548,

D.316}, {a.447, D.316},{a.837, D.894}, {@.837, b.707},1}.
Let L = {a., b.3}. Then it can be evaluated that pintc A = {a.3, b.1}, C A = {a.775, b.s4g} and plntc

C A = {a.7, b.s}. Thus we see that pintc A v pintc C A = {a.775, b.ssg}. It can be computed that
pC'C A= {a.5, bg} Now C A = {a.775, b.548}, pClc O = {3.837, b.707} and dec A= pClc AA
pClc (C &) = {a.s, b.7o7}. Also C (pBdc A) = {a.707, b.g40}. Thus we see that C (pBdc L) = sintc A

v sintc C A. Therefore the conclusion of Proposition 4.12 is false.

Proposition 4.14

Let (X,t) be a fuzzy topological space. Let C be a complement function that satisfies the
monotonic and involutive conditions. Then for any fuzzy subset A of X, we have pBdc (1) = pCl¢
(MAC (pintc (1))
Proof.

By using Definition 4.1, we have pBdc (1) = pClc (A\)ApClc (C A). Since C satisfies the
monotonic and involutive conditions, by using Proposition 3.5(ii), we have pBdc (A) =

pClc (MAC (pintc (1))

The next example shows that if the complement function C does not satisfy the
monotonic and involutive conditions, then the conclusion of Proposition 4.14 is false.

Example 4.15
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From Example 4.5, let X = {a, b} andt = {0, {a.s, b.o}, {a.7, b.3}, {a.s b.3}, {a.7, b.o}, 1}. Let A =
{a.9, b.s}. Then it can be evaluated that pintc A = {a.75, b.4s2} and C (pIntc A) = {a.ss7, b.s32} and
it can be computed that pClc A = {a., b.s}. Now C A = {a.947, b.67}, pClc C A = {a.947, b.67} and
pBdc A = pClc A A pClc (C L) ={a.g, b.5}. Also pClc A A C (pIntc 1) = {a.gs7, b.s}.
Thus we see that pBdc A # pClc A A C (plIntc A). Therefore the conclusion of Proposition 4.14 is
false.

Proposition 4.16

Let (X,t) be a fuzzy topological space. Let C be a complement function that satisfies the
monotonic and involutive conditions. Then for any subset A of X, pBdc (pIntc (1)) <
pBdc (A).

Proof.

Since C satisfies the monotonic and involutive conditions, by using
Proposition 4.14, we have pBdc (pIntc (1)) = pClc (piIntc (A))AC (pIntc (pIntc (A))). Since plntc
() is fuzzy C -pre open, pBdc (pIntc (1)) = pClc (pIntc (A))AC (pIntc (1)). Since plntc (A) < A,
by using Proposition 3.6(ii), pClc (pIntc (1)) < pClc (A). Thus pBdc (pIntc (1)) <
pClc (MAC (pIntc (A)). Since C satisfies the monotonic and involutive conditions, by using
Proposition 3.5, pBdc (pIntc (1)) < pClc (A)ApClc (C A). By using Definition 4.1, we have pBdc
(sintc (L)) <pBdc (L).

Proposition 4.17
Let (X,t) be a fuzzy topological space. Let C be a complement function that satisfies the

monotonic and involutive conditions. Then pBdc (pClc () < pBdc (A).

Proof.

Since C satisfies the monotonic and involutive conditions, by using Proposition
4.14, pBdc (pClc (L)) = pClc (pClc (1)) A C (plIntc (pClc (1))). By using Proposition 3.6(iii), we
have pClc (pClc (L)) = pClc (1), that implies pBdc (pClc (1)) = pClc (M)AC
(pIntc (pClc (1))). Since A < pClc (1), that implies  plntc (A) < pIntc (Clc (A)). Therefore, pBdc
(pClc (1)) < pClc (W)AC (plInte (1)). By using Proposition 3.5 (ii), and by using
Definition 4.1, we get pBdc (pClc (1)) < pBdc (A).
Theorem 4.18

A Quarterly Double-Blind Peer Reviewed Refereed Open Access International e-Journal - Included in the International Serial Directories
Indexed & Listed at: Ulrich's Periodicals Directory ©, U.S.A., [Jsl=lNNECEC-MIIE! as well as in Cabell’s Directories of Publishing Opportunities, U.S.A.

International Journal of Engineering, Science and Mathematics
http://www.ijmra.us



June
2013

_.‘11\.‘]' I IV Volume 2, Issue 2 ISSN: 2320-0294

Let (X,t) be a fuzzy topological space. Let C be a complement function that satisfies the
monotonic and involutive conditions. Then pBdc (Avp)< pBdc AvpBdc p.

Proof.

By using Definition 4.1, pBdc (Avu) = pClc (Avu ) A pClc (C (v )). Since C satisfies
the monotonic and involutive conditions, by using Proposition 3.7(i), that implies pBdc (Avp) =
(pClc (A)vpClc (u))ApClc (C (Avp)). By using Lemma 2.4 and Proposition 3.7(ii), pBdc (Avp) <
(PClc (2) v pClc (1) A (pClc (C 1) A pClc (C w)). That is, pBdc (Avp) < (pClc (A) A pClc (C
M)V(PCle (W)ApCle (C w)). Again by using Definition 4.1, pBdc (Avu) < pBdc (1) v pBdc (w).
Theorem 4.19

Let (X,t) be a fuzzy topological space. Suppose the complement function C satisfies the
monotonic and involutive conditions. Then for any two fuzzy subsets A and u of a fuzzy

topological space X, we have
pBdc (Aan) < (pBdc (A)ARCle (1)) v (pBdc (W)APClc (1))

Proof.
By using Definition 4.1, we have pBdc (Aap) = pClc (Aap) A pCle(C (Aap)). Since C

satisfies the monotonic and involutive conditions, by using Proposition 3.7(i), Proposition 3.7 (ii)

and by using Lemma 2.4(iv), we get pBdc (Aap) < (pClc (W)ApClc
() (PClc(C 1)vpCle(C 1)) is equal to [PClc (1)ApClc (C A)] A(pCle
(W) v [pClc (W)ApClc (C w)] ApClc (1). Again by Definition 4.1, we get pBdc (AAp ) <
(pBdc (MAPClc (1) v(pBdc ()APClc (1))

Proposition 4.20

Let (X, 1) be a fuzzy topological space. Suppose the complement function C satisfies the
monotonic and involutive conditions. Then for any fuzzy subset A of a fuzzy topological space
X, we have (i) pBdc (pBdc (1)) < pBdc (L)

(ii) pBdc pBdc pBdc A < pBdc pBdc A.
Proof.

By using Definition 4.1, pBdc A = pClc A A pClc (C L). We have

pBdc pBdc A = pClc (pBdc ) A pClc [C (pBdc A)] < pClec  (pBdc A). Since C satisfies the

monotonic and involutive conditions, by using Proposition 3.6(ii), pClc A=A, where X is fuzzy C
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-pre closed. Here pBdc A is fuzzy C -pre closed. So, pClc(pBdc A) = pBdc A. This implies that
pBdc pBdc A < pBdc A. This proves (i).
(ii) Follows from (i).
Proposition 4.21
Let A be a fuzzy C -pre closed subset of a fuzzy topological space X and u be a fuzzy C -
pre closed subset of a fuzzy topological space Y, then A x u is a fuzzy C -pre closed set of the
fuzzy product space X x Y where the complement function C satisfies the monotonic and
involutive conditions.
Proof.

Let A be a fuzzy C - pre closed subset of a fuzzy topological space X. Then by applying
Lemma 2.8, C A is fuzzy C - pre open set in X. Also if C A is fuzzy C - pre open set in X, then C
A x 1is fuzzy C - pre open in X x Y. Similarly let u be a fuzzy C - pre closed subset of a
fuzzy topological space X. Then by using Lemma 2.8, C p is fuzzy C - pre open set in Y. Also if
C nisfuzzy C - pre open set in Y then C u x 1 is fuzzy C - pre open in X x Y. Since the arbitrary

union of fuzzy C - pre open sets is fuzzy C -pre open. So, C A x 1v 1 x C p is fuzzy C - pre open

in X x Y. By using Lemma 2.13,C (A xpu) =CAx1v1xCy, hence C (A x p) is
fuzzy C - pre open. By using Lemma 2.8, A x p is fuzzy C - pre closed of the fuzzy product
space X xY.

Theorem 4.22

Let C be a complement function that satisfies the monotonic and involutive conditions. If A
is a fuzzy subset of a fuzzy topological space X and n is a fuzzy subset of a fuzzy topological
space Y, then

(i) pClc A x pClc p=pCle (A x )

(if) plIntc A x pIntc u < pintc (A x p).

Proof.
By using Definition 2.20, (pClc A x pClc u) (X, y) = min{pClc A(X), pClc w(y)}> min
LX), ()} = (Axp) (X, y). This shows that pClc A x pClc n> (A x p).
By using Proposition 3.6, pClc (A x u) <pClc (pClc A x pClcp) =pClc A x pClc .
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By using Definition 2.10, (pIntc A x pintc 1) (X, y) = min{pIntc A(X), pintc
w(y)3< min {A(x), w(y)} = (Axp)(x, y). This shows that pIntc A x pintc u < (A x p).

By using Proposition 3.2, pintc (pIntc A x pintc p) < plntc (A x p), that implies pintc A x

pintc u < plntc (A x p).
Theorem 4.23

Let X and Y be C -product related fuzzy topological spaces. Then for a fuzzy subset A of
X and a fuzzy subset p of Y,

(1) pClc (A x p) =pClc A x pClc p

(ii) pIntc (A x u) = plntc A x pintc .

Proof.

By using Theorem 4.22, it is sufficient to show that pClc (Axp)> pClc AxpClc p. By using
Definition 3.4, we have pClc (A x p) = inf{ C (Aq x pg): C (Ag x pp) = A x p where A, and g are
fuzzy C - pre open}. By using Lemma 2.12, we have
PClc (A x ) =INF{CAex1vIxCAg:CAhyx1v1xCpug>hxpu}

=iINfF{CAyx1v1IxCpg:CAry>horCpg>p}
=min (iINfF{CAux1v1iIxCpug:Che=A}, iNf{CAx1IvIxCpg:Cpug=}).
Now inf { CAq x IvIx Cpug.Chq 2A} 2 inf{CAhyx1:Chy>A}
=inf{C A, :CAu=A}x1
= (pClc A) x 1.
Alsoinf{CAy x1v1IxCpug:Cpupzp}= iNfF{IxCpg:Cug2p}
=1xinf{Cusg:Cpg2p}
=1xpClc p.
The above discussions imply that pClc (A xpu ) > min (pClc A x 1, 1 x pClc p)
=pClch x pClcp.
(i) follows from (i) and using Proposition 3.5.
Theorem 4.24

Let Xj,i=1, 2 ....n, be a family of C -product related fuzzy topological spaces. If A; is a

fuzzy subset of X;, and the complement function C satisfies the monotonic and involutive

conditions, then
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dec (1_[/1I ): [dec A1 X pC'C Ao ><...><pC|c kn]v [pC|c A X deC Ao X...X pC|C Xn]

i1
Vv ...V[pClcAy x pClc Az % ..... x pBdc Aq].

Proof.

It suffices to prove this for n = 2. By using Proposition 4.14, we have pBdc (A1
x A2) = pClc (A1 x A2)A C (pInte (Mg x A2))

= (pClc A1 x pClc A2)A C (pIntc A1 x pintc A2) [by using Theorem 4.23]
= (pClc A1 x pClc A2)A C [(pIntc A1ApClc A1) x (pIntc AoApClc A2)]

= (pClchy x pClc X2) A [C (pIntc A1 A pClc Aq) x 1v1 xC (pIntc A2 A pClc Aq)]. [by Lemma 2.22].
Since C satisfies the monotonic and involutive conditions, by using Proposition 3.5(i),
Proposition 3.5(i) and also by using Lemma 2.10,
pBdc (A1 x Ap)
= (pClc A1 x pClc A2) A [(pClc C A1 v pIntc C A;) x 1v1 x (pClc C A, v pintc C A,)]
= (pClc A1 x pClc 12) A [pClc C A1 x 1v1 xpClc C A7)
= [(PClc A1xpClc A)A(pCle (C A1 )x 1)] v [(pCle (A1) x pCle X2) A (1 x pCle (C 12))]-
Again by using Lemma 2.18, we get pBdc (A1 x A2)
= [(pClc 2ApCle (C A1) x (LAPClc A2)] Vv [(PClc 22ApClc (C A2)) x(1ApClc A4)]
= [(pClc (A1) A pClc (C 1)) x pCle (A2)] v [ (PClc (2) A pCle (C A2)) x pClc (A1)]
pBdc (1 x A2) = [pBdc (A1) x pClc (A2)] v [PClc (A1) x pBdc (A2)].
Theorem 4.25

Let f: X—>Y be a fuzzy continuous function. Suppose the complement function C
satisfies the monotonic and involutive conditions. Then

pBdc (f *(n) < £ (pBdc (), for any fuzzy subset pin Y.
Proof.

Let f be a fuzzy continuous function and p be a fuzzy subset in Y. By using Definition
4.1, we have pBdc (f () = pClc (f ())ApClc (C (f *(w)). By using Lemma 2.19,
pBdc (f ™ () = pClc (f () A pClc (f (C w)). Since f is fuzzy continuous and f *(p) < f-
Y(pClc (), it follows that pClc (f *(w)) < f *(pClc (w)). This together with the above imply that
pBdc (f *(w) < £ (pClc (W)Af “(pClc (C w)). By using Lemma 2.21, pBdc (f (w)) < f *(pClc
()ApCle (C ). That is pBdc (f * (w) < f *(pBdc ().
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